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Within the framework of the theory of ideal gases, an examination is 
made of equilibrium discharge of a mixture of a gas and a condensing 
vapor from a nozzle. The basic equations describing discharge are 
presented, as well as the results of calculations of the discharge from 
a nozzle of a mixture of air and water vapor. 

Depending on the expans ion  r a t e  and the d e g r e e  of 
impurity due to mechanical mixing (dust particles, 
etc.), the discharge of a mixture of a gas and a satu- 
rated vapor of any liquid may have either a nonequi- 
librium (with condensation shocks) [I] or an equilib- 
rium character. We shall examine the equilibrium 
discharge of such a mixture from a nozzle, making 
a number of assumptions to permit the problem to be 

appreciably simplified. 
We assume the following conditions: a) the flow is 

steady and one-dimensional, and there is no heat ex- 

change with the surrounding medium; b) the expansion 
process is an equilibrium one, and the mixture is com- 

pletely homogeneous; c) the expansion takes place in 
regions far enough from critical points for both the 

gas and the dry saturated vapor to be considered as 
ideal gases; d) at the start of the expansion of the mix- 
ture, the vapor is in the dry saturated state; e) the 
specific heat of the gas is constant; f) the velocity of 
particles formed in equilibrium condensation of the 
vapor is equal to that of the flow itself (i. e., the flow 

is also considered to be in equilibrium with respect 

to velocity). 
The last supposition requires some clarification. 

The author's calculations show that the velocities of 
particles formed during equilibrium condensation of 
a moist vapor are very close to the velocity of the 
vapor. This is explained by the fact that the initial 

size of the particles is very small, and so they are 
easily entrained by the vapor. In addition, the vapor 

molecules condensing on the surface of a particle have 
a mean velocity equal to that of the vapor stream at 

any section; this also leads to increase of particle 

velocity. 
Calculation also shows that because of the small 

difference between the velocities of the particles and 
the vapor, the losses in friction of the vapor against 

the particles are negligibly stoat1. Therefore, ne- 
glecting also, for simplicity, the usual losses in fric- 
tion of the vapor against the nozzle walls, the expan- 

sion process may be considered isentropic. 
As is known from the theory of mixing of ideal gas- 

es, the density of the components of a mixture is de- 

termined from the partial pressures and the tempera- 

ture. Then the temperatures (and also the velocities) 

of a l l  the  componen t s  a r e  c o n s i d e r e d  i den t i ca l ,  b e -  
cause  of the  a s s u m e d  homogene i t y  of the  m i x t u r e .  We 
m a y  t h e r e f o r e  w r i t e  an independent  m a s s  flow equa-  
t ion  fo r  each  componen t  of the  m i x t u r e ,  and for  the  
m i x t u r e  of  gas  and d r y  s a t u r a t e d  v a p o r  examined  h e r e  
the  equat ions  have the fo rm:  

Gg = Gg o = F pgC, 

G v = Gvo x = F ~v c. 

R e f e r r i n g  the f i r s t  equat ion to 1 kg  of gas ,  i t  m a y  
be put in the f o r m  

, ( 1 )  Pg0 

where  

f = F/Fo,  c = C/Co, ": = T / T  o . 

Dividing the second  equat ion by  the f i r s t ,  we ob-  
t a in  the  fol lowing r a t i o  be tween  the c o n c e n t r a t i o n s  of 
gas  and vapor :  

�9 g v o X / g g  ~ = P v 
~ =  9g (2) 

Under  the a s s u m p t i o n  of  equal  v e l o c i t i e s  of gas ,  
vapo r ,  and condensa t e  p a r t i c l e s ,  the m o m e n t u m  equa-  
t ion  of the  m i x t u r e  m a y  be w r i t t e n  in the  fo rm 

- - _ _  = - - g g  ( l+gv_~.l--x) d P m  dpg  _ g v  d P v  = cdc. 

Pm 9g  9v  

The second  t e r m  on the r igh t  of t h i s  equat ion i s  
due to the p r e s e n c e ,  in 1 kg of  ga se ous  componen t s  
of the  mix tu re ,  of  gv(1 - x ) / x  kg of condensa t e  p a r -  
t i c l e s .  This  equat ion,  r e f e r r e d  to 1 kg of work ing  sub-  
s t ance  ( i . e . ,  m i x t u r e  of  gas ,  d r y  s a t u r a t e d  vapor ,  
and condensa t e  p a r t i c l e s ) ,  m a y  be w r i t t e n  in the fo l -  
lowing i n t e g r a l  fo rm:  

d p v  
C ~ - 

C O 

- -  g g o  / - -  g v o  x 
9g 9v = -  2 (3) 

The lef t  s ide  of t h i s  equat ion i s  the  sum of p a r t i a l  
work  done in expanding gg0 kg of gas and gv0 kg of 
m o i s t  vapo r ,  r e s p e c t i v e l y .  

Us ing  the e n e r g y  equat ion and s o m e  o t h e r  r e l a t i o n s  
to d e t e r m i n e  the  f o r m  of the funct ions  pg, Pv, and x, 
we m a y  c a l c u l a t e  va lue s  of  the  i n t e g r a l s  which a p p e a r  
in the  e x p r e s s i o n s  fo r  p a r t i a l  work  of the  gas  and 
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Fig. I. Dependence of the degree of dryness, x, of the 

vapor component of the mixture on dimensionless mix- 

t u r e  t e m p e r a t u r e  �9 = T /T0 ,  when m = 4, 3o5, and 3 
(cont inuous ,  b roken ,  and d o t - d a s h  l i ne s ,  r e s p e c t i v e l y )  

and gv = 0 .1  (1), 0 . 5  (2), 1 (3), 2 (4), and oo (5). 
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F ig .  2. Dependence  of d i m e n s i o n l e s s  m i x t u r e  t e m p e r a -  
t u r e  T on the m i x t u r e  p r e s s u r e  d rop  ~m = Pm/Pm0 when 
m = 4, 3 .5 ,  and 3 (con t inuous ,  b roken ,  and d o t - d a s h  
l i ne s ,  r e s p e c t i v e l y ) a n d  gv = 0 .1  (1}, 0 .5  (2), 1 (3), 2 (4}, 

~r (5); c u r v e  6 r e f e r s  to p u r e  a i r  (gv = 0). 
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m o i s t  vapo r .  We shal l  show, however ,  that  a d e t e r -  
ruinat ion of the to ta l  work  in expanding the mix tu r e  
may  be a c c o m p l i s h e d  in ano the r ,  s i m p l e r  rammer ,  and 
to do th i s  we sha l l  examine  in m o r e  de ta i l  the p r o c e s s  
of expanding a gaseous  and v a p o r  phase .  

When a m i x t u r e  is  expanded the v a p o r  cond e nse s .  
P a r t  of the hea t  of condensa t ion  then l i b e r a t e d  is sup-  
p l ied  to the gas  and i n c r e a s e s  i t s  work  capac i ty  s o m e -  
what in c o m p a r i s o n  with the c a s e  of ad iaba t i c  expan-  
s ion.  T h e r e f o r e  the work  of  expanding 1 kg of gas  in 
th i s  c a s e  may  be r e p r e s e n t e d  in the fo rm 

dpg 
Hg= --  ~ = Hgad+ AAQ, 

, ,~g 

where  Hg.ad = epgT0[1-  (pg/Pg0) ( k - l ) / k ]  is  the work  in 

ad iaba t i c  expans ion  of 1 kg of gas ,  and AAQ is  the in-  
c r e a s e  in work  c a p a c i t y  of 1 kg of gas  due to the sup-  
p ly  of heat  in the expans ion  p r o c e s s .  

When the m i x t u r e  coo l s  by dT dur ing  expansion,  
(~gv0/gg0)dx kg of gas  is  condensed  and r(gv0/gg0)dx 
of hea t  i s  l i b e r a t e d ;  in addi t ion,  (gv0/g~)(1 - x)epldT 
of hea t  is  l i b e r a t e d  in cool ing  by dT(gv0/gg0)(1 - x) kg 
of  condensa t e .  The heat  l i b e r a t e d  i s ,  a l toge the r ,  

d Q = _ r ~ g O  d x _  ~v~ ( ] _ x )  cpl dT. 

P a r t  of the hea t  r e l e a s e d ,  however ,  goes  to hea t ing  
the v a p o r  phase ,  which r e m a i n s  throughout  in the d r y  
s a t u r a t e d  s t a te .  As is known [2], the spec i f i c  heat  of 
a vapor ,  when i t s  s ta te  is  changed along the r ight  
b ranch  of the boundary  cu rve ,  i s  equal  to 

dr  r 
c v = Cpl + 

dT T 

T h e r e f o r e ,  the amount  of heat  that  goes  to heat  (gv0/ 
/gg0)X kg of vapor  i s  

~ xcvd T -- ~Svo .,'dr ~- g v ' ~ ( ' c , l - - ~ t x d T ' .  dQv \ 1 !  

Thus,  the heat  suppl ied  to 1 kg of gas  is  

dog = dQ dQ v = 

Rw Id(rx) ~ cpi dT--  r xdT I . (4) 
~ g ~  T 

This  amount  of heat  i n c r e a s e s  the work  capacity 
of the gas, in comparison with the adiabatic process, 
by an amount 

dAce=(1 - TI T)dOg. 

The to ta l  i n c r e a s e  in work  c a p a c i t y  of the gas  due to 
supply  of  condensa t ion  hea t  i s  

]- 1 
doe 

AA,, = l'dOg-- T I' T ' -  " 

Subst i tu t ing  the e x p r e s s i o n  for  dQg and c a r r y i n g  out 
the in tegra t ion ,  we obtain 

A A Q  = 

T 

 v0[(1 T),r0 T,+ T, T 
ggo Too cpl cvl T-o + , r j "  

T.  

We a l so  t r a n s f o r m  to some  extent  the e x p r e s s i o n  
for  the work  of expans ion  of  the vapor ,  a p p e a r i n g  on 
the lef t  s ide  of  (3). F r o m  the C l a u s i u s - C l a p e y r o n  
equat ion [2] 

dpv r (5) 

neg lec t ing  the spec i f i c  vo lume of condensa te  V I in c o m -  
p a r i s o n  with the spec i f i c  vo lume of the d r y  s a t u r a t e d  
vapor ,  we e a s i l y  obta in  

dPv _ r dT.  
P v  T 

Thus,  the work  in expanding 1 kg of m o i s t  v a p o r  is  

PV 1" 

Pv 
PVq~ "fo 

d T  

Using the r e l a t i o n s  obta ined for  the work  of the 
gaseous  and v a p o r  phases ,  we may  put the left  s ide  
of (3) in the fo rm 

H m gg.CpgT.. [1 - -  (pg,pgjk-,I '~l + 

+ Mvol(1 - T'To)(ro + csz To) -I G,z TIn(7'T,,)I. (6) 

The second t e r m  on the lef t  of th i s  equat ion is  
known to be the work  in expanding gv0 kg of m o i s t  
v a p o r  a d i a b a t i c a l l y .  We thus obta in  the r e s u l t  that  
the to ta l  work  of expans ion  of  1 kg of m i x t u r e  i s  equal  
to the sum of  the ava i l ab l e  work  of gg0 kg of  gas  in 
an ad iaba t i c  expans ion  f rom the in i t i a l  to the  f inal  
p a r t i a l  p r e s s u r e s ,  and of the a v a i l a b l e  work  of gv0 kg 
of vapor  in an ad iaba t i c  expans ion  f r o m  the in i t i a l  
s t a t e  to the f inal  t e m p e r a t u r e  of the m i x t u r e .  

Taking  into account  the l a s t  r e l a t i o n  and a s s u m i n g  
r to be a l i n e a r  function of t e m p e r a t u r e  (r  = a - bT),  
the momen tum equat ion of the  m i x t u r e  (3) m a y  be put 
in the fol lowing d i m e n s i o n l e s s  fo rm:  

- Ii 
_ (pg p~,)~,.-,~/~ _!. Pv ( m -  1) cpz (3') ] 

cp l Cpg 

.., 1(1 __T)( 1 .. %/_ _ 1 ) ,  -}- -bcPt Thl~ ] =_ _5{~'" - -  1) 
/ ,  m , m - 1 k~,, 

where  
a ,, 
~2v gv. ~g0, m = a bT,, 5 --- c,-, 2cpgT,. 

We shal l  now d e r i v e  the equat ions  of the  p r o c e s s e s  
of expans ion  of the ga se ous  and v a p o r  p h a s e s ,  When a 
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ce r t a in  amount  of heat of ent ropy is supplied to the 
gas dur ing  expansion,  i ts  S i n c r e a s e s .  At the same 
t ime,  the t e m p e r a t u r e  T 1 and the enthalpy igl of the 
gas at the final p r e s s u r e  Pl i n c r e a s e .  When an amount  
of heat dQg is supplied, the enthalpy i n c r e a s e s  by 

dig I GgdTl T I d S =  7"1 d?g . 
T 

Hence 

~fT , = _dOg 

T~ T%g ' 

where  dQg is  de te rmined  from (4). 
In tegra t ing  this  equation,  and bea r i ng  in mind that 

when T =  To, T 1 = T a d  , x =  1, r = r 0 ,  at the end of 
the expansion T = TI, and that T0/Tad = (Pg0/Pgl)(k-1)/k 
(where Tad is the f inal  t e m p e r a t u r e  in an adiabat ic  ex-  
pans ion  of the gas), we f inal ly  obtain the following r e -  
la t ion between the par t i a l  p r e s s u r e  of the gas and i ts  
t e m p e r a t u r e  dur ing  expansion in the mixture :  

k ( ~ V  ~pl Pg /7q it) - le c:, l 
- - ,  '/,g exp / 7 ~ l g V - -  - ,'< 

]')go t 'pg 

) <  b ( m - - l ) (  r n - - ,  x 1 ) ] .  (7) 
Col m -  1 

We shal l  find an analogous re la t ion  between the 
p r e s s u r e  and the t e m p e r a t u r e  for the vapor  phase .  
F r o m  the C l a u s i u s - C l a p e y r o n  equation (5), us ing  the 
equation of state for ideal  gases ,  we obtain 

dPv rdT 

Pv Rv T'2 

In the case  r = a - bT, this  equation may eas i ly  be 
in tegra ted ,  the solut ion having the form 

_Pv =~ ~,mvexp m i - -  (8) 
Pv0 ~ v v ,  -T- 

Dividing (8) by (7) and taking account  of (2), we obtain 
the following exp re s s ion  for  de t e rmin ing  the degree  of 
d rynes s  x of the vapor  as  a function of the d imens ion -  
less  t e m p e r a t u r e  r of the mix ture :  

x = e x p  ~ _ _ -  c s  + In ;( 
t , -  t gv , i - ~  Cpg 

x ~xp _"' ~ - I + )~_2 l~V . . . . . . . . .  ,,,t 

C~g \ m - 1 x ) / 

This  equation conta ins  six c h a r a c t e r i s t i c  p a r a m e t e r s :  

k, b/R v, %l ~Cpg, bit',l, gv, m. 

Of these,  the f i r s t  four depend only on the physical  
cons tan t s  of the gas or  vapor ;  the re fore  d ischarge  
of a mix ture  of given components  is fully de te rmined  
by the r e m a i n i n g  two p a r a m e t e r s :  

r /~r and m = a / b T  o gv ,,v, ~g 

F r o m  (9) it is easy  to obtain values  of the degree  
of d r yne s s  of the vapor  when i ts  content  in the mix tu re  
is very  smal l  o r  ve ry  la rge .  In fact, let gv ~ 0 ( i . e . ,  
the gas has insigaaifieant vapor  impur i ty ) .  In this ease  

I [ x0::  lira x , exp In 1 ~  b - t - ) ; ~  I 
gv~ u T 

R v \ ~  

In the case  gv ~ ~ (flow of a condensing vapor  with 
ins ign i f ican t  gas impuri ty) ,  Eq. (9) may be brought  
to the following form:  

{ k cPl g v [ l n  1 - - ( m . - - l )  b 
x =x0ex p k - -  1 Cpg ~ Col 

x l i ] l  X m - - I  

• 

Since the degree  of d r yne s s  of the vapor  is 0 -< x -< 1, 
i . e . ,  i ts  value is  cons ide rab ly  l imi ted ,  we mus t  have, 

when gv ~ ~,  

In 1 - - ( m - l )  b ( m - - T  x 1 ) ~ 0 .  
T, Cpl m - - -1 "~ 

F r o m  this  exp res s ion  we eas i ly  find the l imi t ing  va l -  
ue of x when gv ~ ~:  

. v ~ = l i m x - -  m - - I  v - -  cpl Tln~ 
~v ~ :o m - -  ~ b m - -  

The exp re s s ion  obtained agrees  with the usual  
equation for the d r yne s s  of a vapor  ad iaba t ica l ly  ex-  
panded f rom the dry  sa tura ted  s ta te .  

Investigation of discharge of a mixture of air  and 
water vapor .  We shall  examine  equ i l i b r ium d ischarge  
f rom a nozzle of a mix tu re  of a i r  and wa te r  vapor .  
In this  case  we may a s s u m e  [2]: a = 3200 ka/kg,  b = 
= 2.52 ka~r .~  r =  3200 - 2.52 T; R v =  0 . 4 6 1 k , J /  
/ k g .  ~ R g = 0 . 2 8 8 k a / k g "  ~ C p / = 4 . 2  k a / k g x  
x ~ Cpg = 1.01 ka /kg  . ~ the re fo re  the f i r s t  four 
p a r a m e t e r s  of (9) will have the following va lues :  

k =  1.4; b/R v 5.45; cvz/Cpg=4.16; b/cpl =0.6.  

Equation (9) is solved by t r i a l  and e r r o r .  The r e -  
sul ts  of solving it with the above va lues  of the fixed 
p a r a m e t e r s  and va r ious  va lues  of the quant i t ies  gv 
and m are  shown in Fig~ 1. F igure  1 also shows the 
l imi t ing  va lues  of x when a pure  vapor  is  expanded 

(gv  - ~ ) .  
As may be seen by compar ing  the cu rves ,  the d r y -  

ness  r e su l t i ng  f rom expansion of the vapor  in the mix -  
tu re  is apprec iab ly  less  than in an adiabat ic  expansion 
of the pure  vapor;  the di f ference i n c r e a s e s  rapidly  as 
the a i r  content  of the mix tu re  is  i n c r e a s e d .  Thus,  
condensa t ion  of the vapor  in the a i r  s t r e a m  is much 
more  in tense  than in an adiabat ic  expansion of mois t  
vapor .  This  is due to the fact that the gas phase 
s t rongly  abso rbs  the heat emit ted  in condensat ion  
and plays  the role of a cooler  for the vapor  phase.  
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It  should be noted tha t  in the  c a s e  of  a v e r y  s m a l l  
a d i a b a t i c  exponent  the  r e v e r s e  p i c t u r e  m a y  be ob-  
s e r v e d ,  w h e r e  the  v a p o r  phase  i s  d r i e d  dur ing  ex -  
pans ion  of  the  m i x t u r e ,  b e c a u s e  of  the  add i t iona l  sup-  
p ly  of  hea t  f r o m  the gas .  

The quant i ty  Vm in F ig .  2 i s  d e t e r m i n e d  f r o m  t h e  
f o r m u l a  

~m = Pg0 @ Pro _ P0 Pv0 /~g - 

w h e r e  Pv/Pv0 and Pg/Pg0 = Pv/ l~0 x a r e  found f r o m  (8) 
and (7), u s ing  the va lue  of x d e t e r m i n e d  above .  

I t  m a y  be seen  f r o m  F ig .  1 tha t  the  m i x t u r e  t e m -  
p e r a t u r e  d rops  m o r e  s lowly  with d e c r e a s e  of ~m than  
does  the  t e m p e r a t u r e  of  pu re  a i r  ( lower  cu rve ) .  When 
the  v a p o r  concen t r a t i on  i s  about  30% and ove r ,  the  
m i x t u r e  t e m p e r a t u r e  dur ing  expans ion  a p p r o x i m a t e s  
to the  t e m p e r a t u r e  of  the  pu re  v a p o r  (gv -* ~o). 

The quant i ty  H m  in F ig .  3 was  ca l cu l a t ed  a c c o r d -  
ing to (6), t r a n s f o r m e d  to the f o r m  

Pg0 / J %g 

+,][, 
CpZ 

s 

x 

(6 ') 

As the w a t e r  v a p o r  c o n c e n t r a t i o n  in the  m i x t u r e  i s  
i n c r e a s e d ,  the  a v a i l a b l e  e n e r g y  of  1 kg of  m i x t u r e ,  
fo r  the  s a m e  d e g r e e  of p r e s s u r e  drop,  i s  c o n s i d e r -  
ab ly  i n c r e a s e d ,  and a p p r o x i m a t e s  to the  a v a i l a b l e  
e n e r g y  of the  w a t e r  v a p o r .  The u p p e r  c u r v e s  in F ig .  
3 r e f e r  to pu re  w a t e r  v a p o r  (gv -~ co). 

With  the  a id  of the  quant i ty  H m  i t  i s  e a s y  to d e t e r -  
m ine  the  d i m e n s i o n l e s s  s t r e a m  v e l o c i t y  and the  r e l a -  
t i ve  a r e a  of the  nozzle~ f r o m  the  fo l lowing f o r m u l a s ,  
ob ta ined  f r o m  (3') and (1): 

7 = l / 1  + L/m/~; f = ~ Pg0 
c pg 

It  m a y  be seen  f r o m  the f o r m u l a s  tha t  the  quan t i -  
t i e s  ~ and f a l so  depend on the p a r a m e t e r  6 = c02/ 
/2cpgT0,  which c h a r a c t e r i z e s  the  in i t i a l  k ine t i c  en-  
e r g y  of the  f low. 

It m a y  be  seen  f r o m  F ig .  4 tha t  both the  concen -  
t r a t i o n  and the p r o p e r t i e s  of  the  v a p o r  have an a p p r e -  
c i ab le  inf luence  on the f l o w - p a s s a g e  c r o s s  s ec t i on  of 
the  expanding p a r t  of  the noz z l e .  F o r  a s ingle  va lue  
of  r e l a t i v e  ve loc i ty ,  the  r e q u i r e d  nozz le  a r e a  p r o v e s  
to be l e a s t  fo r  pu re  v a p o r .  The inf luence  of  t h e s e  p a -  
r a m e t e r s  i s  i n s ign i f i can t  in the  c onve rge n t  p a r t  of the  
noz z l e .  We note a l so  that  as  the  v a p o r  c onc en t r a t i on  
in the  m i x t u r e  i n c r e a s e s ,  the  t h roa t  s ec t ion  of the  noz -  
z le  sh i f t s  in the  d i r e c t i o n  of  g r e a t e r  v e l o c i t i e s .  

NOTATION 

G-phase mass flow rate; T, Tl-temperature, and temperature 
of lowest heat source; p-partial pressure; p-density; c-velocity of 
sound; R--gas constant; k-adiabatic exponent of the gas phase; r -  
heat of vaporization; Cp-specific heat at constant pressure; F-cross- 
sectional area of nozzle; x-degree of dryness of vapor; gg = Gg/(Gg + 
+ Gv) and gv = Gv/(Gg + Gv)-Stream mass concentrations of gaseous 
and vapor phases. Subscripts: g-gas; v-vapor; Z-liquid; m-mix-  
tare; 0- state at the beginning of expansion. 
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